We numerically compute axisymmetric Taylor-Couette flow in the presence of axially periodic magnetic fields, with Hartmann numbers up to Ha 2 = 10 7 . The geometry of the field singles out special field lines on which Shercliff layers form. These are simple shear layers for insulating boundaries, versus super-rotating or counter-rotating layers for conducting boundaries. Some field configurations have previously studied spherical analogs, but fundamentally new configurations also exist, having no spherical analogs. Finally, we explore the influence of azimuthal fields B φ ∼ r −1ê φ on these layers, and show that the flow is suppressed for conducting boundaries but enhanced for insulating boundaries.
INTRODUCTION
Shercliff layers are free shear layers that can occur in the flow of an electrically conducting fluid when a sufficiently strong magnetic field is externally imposed [1] . They arise due to the strongly anisotropic nature of the Lorentz force, consisting of a tension along the magnetic field lines. The details of how the spatial structure of the imposed field overlaps with the geometry of the container can then single out special field lines on which Shercliff layers form.
For example, suppose we consider spherical Couette flow, the flow induced in a spherical shell where the inner sphere rotates and the outer one is fixed. Consider further two possible choices of magnetic fields to impose, a dipole B d = 2σ −3 cos θê σ + σ −3 sin θê θ and a uniform axial field B a =ê z = cos θê σ − sin θê θ , where (σ, θ, φ) are standard spherical coordinates, and (z, r, φ) cylindrical coordinates. For the dipole field, there will be some field lines that link only to the inner sphere, and others that connect the two spheres. Similarly, for the axial field there will be some field lines that link only to the outer sphere, and others that connect the two spheres. The tension in the field lines then ensures that any field lines linked to one boundary only are completely locked to that boundary, with the fluid either co-rotating with the inner sphere, or stationary together with the outer sphere. It is only on field lines that connect to both boundaries that the fluid is faced with conflicting conditions at the two ends of the line, and resolves this conflict by rotating at a rate intermediate between the two end values.
The entire domain is therefore naturally divided up into different regions depending on how the field lines connect to the boundaries, with the angular velocity changing abruptly across those field lines separating different regions [2, 3] . Furthermore, it is clear that there is nothing special about either the spherical geometry or these two particular fields. As long as both the container and the imposed field are axisymmetric, the same considerations will apply, and will always result in Shercliff layers forming on these special field lines where the linkage to the boundaries switches from one type to another. The thickness of these layers scales as Ha −1/2 , where the Hartmann number Ha is a measure of the strength of the imposed field [4] .
Another intriguing result is the influence of the electromagnetic boundary conditions.
The conclusion above, that Shercliff layers are simply shear layers on which the angular velocity switches to something intermediate between 0 at the outer boundary and 1 at the inner boundary, is valid only if both boundaries are insulating. If instead the inner sphere is conducting, a dipole field yields a so-called super-rotation, where the fluid within the Shercliff layer rotates faster than the inner sphere [2] . Alternatively, if the outer sphere is conducting, an axial field yields a counter-rotation, where the fluid within the Shercliff layer rotates in the opposite direction to the inner sphere [5] . In both of these cases, the degree of super-rotation or counter-rotation is around 20-30% of the inner sphere's rotation rate, independent of Ha (for sufficiently large values). Even more unexpected results are obtained if both boundaries are taken to be conducting; in this case the degree of 'anomalous' rotation appears to increase indefinitely as Ha is increased in a numerical computation [5, 6] . Various asymptotic analyses of this problem confirm that the anomalous rotation should be O(1) if only one boundary is conducting, but O(Ha 1/2 ) if both boundaries are conducting [7] [8] [9] [10] .
Motivated by these counter-intuitive results, [11] performed a systematic investigation of linear combinations of dipole and axial fields, and showed that it is even possible to obtain both super-rotation and counter-rotation simultaneously. One finds easily enough that combinations of these two basic ingredients, dipole and axial, are sufficient to create all field line topologies that are possible in a spherical shell geometry. The purpose of this paper is to show that other topologies are possible in cylindrical geometry, and to numerically explore what happens in those cases. For example, we will show that it is possible to construct a field having a single field line that is tangent to both the inner and outer cylinders, with the tangency at the outer cylinder then suggesting a super-rotation, but the tangency at the inner cylinder suggesting a counter-rotation. So what does happen in that case? We will further explore what happens when azimuthal fields of the form r −1ê φ are added, which also have no natural analog in spherical geometry.
Finally, it is worth noting that there have been several liquid metal experiments related to some of the topics considered here. These include spherical Couette flow in both dipole [12] [13] [14] and axial [15, 16] fields, cylindrical Taylor-Couette flow in an axial field [17, 18] , and even electromagnetically driven flows [19, 20] . However, inertia (finite Reynolds number)
plays an important role in most of these results, unlike in the 'pure' Shercliff layer problem considered here. See also [21] [22] [23] [24] [25] [26] [27] for numerical results related to some of these experiments, as well as [28] for a general review of magnetohydrodynamic Couette flows.
EQUATIONS
We consider a cylindrical Taylor-Couette geometry with nondimensional radii r i = 1 and r o = 2. Periodicity is imposed in z, with a wavelength z 0 = 4. The precise choice z 0 = 4
is not crucial, with a broad range of O(1) values yielding similar Shercliff layer structures.
(Taking z 0 ≫ O(1) could well lead to different solutions though.)
In the inductionless limit, the nondimensional Navier-Stokes and magnetic induction equations are
where U is the fluid flow, B 0 is the externally imposed magnetic field, and b the induced field. For the axisymmetric solutions that are relevant here, it is convenient to further decompose U and b as
The two nondimensional parameters are the Hartmann number Ha = B 0 r i / √ µρνη measuring the strength B 0 of the imposed field, and the Reynolds number Re = Ωr 2 i /ν measuring the inner cylinder's rotation rate Ω. In fact, in this work we are interested in the limit of infinitesimal differential rotation, so we set Re → 0 and remove the inertial term ReU · ∇U, but again see [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] for a broad variety of effects that can arise at finite Re. The quantities µ, ρ, ν, and η are the fluid's permeability, density, viscosity, and magnetic diffusivity, respectively.
We next turn to the allowed choices for the imposed field B 0 . The requirements are that it should be axisymmetric, periodic in z, and satisfy ∇ · B 0 = 0 and ∇ × B 0 = 0.
The condition ∇ · B 0 = 0 is of course one of Maxwell's original equations; the condition ∇ × B 0 = 0 states that B 0 is a potential field, and not due to electric currents within the fluid. In addition to the familiar z-independent fieldsê z and r
−1ê
φ , the only other choices that satisfy all four of these conditions are where κ = 2π/z 0 and I 0 , I 1 , K 0 and K 1 are the modified Bessel functions [29] . B I corresponds to the field that would be generated by an array of Helmholtz coils in the region r > r o , with currents that alternate periodically in z; B K is the field that would be generated by squeezing the Helmholtz array into the region r < r i .
Various linear combinations ofê z , B I and B K then correspond to the linear combinations of dipole and axial fields discussed above. One easily finds that it is possible to construct field line topologies that have no analog in the spherical shell geometry. Fig. 1 φ , which also has no natural analog in spherical geometry, since it is singular on the z-axis, which is part of the domain in spherical geometry but not in cylindrical. Since it is everywhere tangent to the boundaries, this azimuthal field will not alter the fundamental topology of the previously considered fields, but it nevertheless changes the detailed structure of the Shercliff layers that arise on the critical field lines.
Indeed, including an azimuthal field component changes the solutions in at least one quite fundamental way: For purely meridional fields, the coupling between the different quantities turns out to be such that in fact ψ and a in Eq. To summarize, the goal of this paper is to explore the Shercliff layers that occur on the critical field lines indicated in Fig. 1 , either these fields alone or together with azimuthal fields of the form r
φ . This is accomplished by using an axisymmetric, pseudo-spectral code [30] to numerically solve Eqs. Resolutions as large as 240 Chebyshev polynomials and 400 Fourier modes were used, and allow Hartmann numbers as large as Ha 2 = 10 7 to be achieved.
The associated boundary conditions are no-slip for U, and either insulating or perfectly conducting boundaries for b, referred to as I and C respectively. Other possible choices could include finitely conducting, or perhaps ferromagnetic, which in other contexts can have a significant influence [31] . For the Shercliff layer problem the asymptotic analyses [7] [8] [9] [10] indicate that the most relevant parameter is how the conductance of the exterior regions compares with the conductance of the fluid region; if this ratio is small (large) the results are similar to the insulating (perfectly conducting) case. Our I and C choices are therefore natural limiting cases, and even something at first sight quite different, such as ferromagnetic, is likely to be similar to the I case, since they both have zero conductance of the exterior regions.
RESULTS WITHOUT IMPOSED B φ appear to touch the boundaries. The actual imposed boundary conditions of course are ω = 1 at r i and ω = 0 at r o , so these contour lines cannot touch the boundaries, and indeed they don't, but rather remain within the Hartmann layers. These layers were investigated in detail, and always followed the expected O(Ha −1 ) scalings. We therefore concentrate only on the Shercliff layers in the following discussion.
To explore the details of the Shercliff layers, we require more precise diagnostics than the two-dimensional contour plots in Fig. 2 . In contrast, Field 2 still exhibits a slight super-rotation, but its amplitude seems to be practically independent of Ha. Similarly, a cut at z = 4 has a slight counter-rotation, also
with an Ha-independent amplitude. We recall that Field 2 is the case where the previously distinct field lines in Field 1 have been made to coincide. Evidently the system adjusts in such a way that weak anomalous rotations remain, but they no longer increase with increasing
Ha. Finally, for Field 3, having this ribbon of field lines that are not connected to either boundary gives the system so much flexibility in adjusting the shear across the Shercliff layers that the anomalous rotation decreases with increasing Ha, apparently scaling as Ha −0.43 .
To understand the origin of the anomalous rotations, we turn to the Lorentz force the point (r, z) = (2, 2), the current in all four cases is therefore in the −ê r direction. Since B 0 at this point is in theê z direction, the Lorentz force will be in theê φ direction. It is precisely this force which accelerates the fluid from ω = 0 at the boundary to ω > 0 in the interior. For insulating boundaries this force is just sufficient to achieve ω ≈ 1 on those field lines linked only to the inner boundary, as seen in Figs. 2 and 3.
For conducting boundaries the system essentially 'over-reacts', and thereby causes the super-rotation in this region. To understand further why the system over-reacts in this way, we need to consider two (closely related) differences between the insulating and conducting results in Fig. 4 . Although the patterns are generally similar for both boundary conditions, in the insulating case the current must recirculate through the Hartmann boundary layers (which are again so thin as to be barely visible here), whereas in the conducting case the current can recirculate through the exterior regions. Recirculating the current is therefore much easier in the conducting case, resulting in a stronger current, hence a stronger Lorentz force, hence the over-reaction. As indicated in Fig. 4 , for Field 1 the current is an order of magnitude greater for C than for I boundaries, consistent with the increasing super-rotation, whereas for Field 3 it is only moderately greater, consistent with much weaker, and indeed decreasing super-rotation. [5, 6, 9, 10] . The new cases, Fields 2 and 3, would certainly also merit further asymptotic analyses to discover the precise scalings in these cases, and why they differ from the previous results.
RESULTS WITH IMPOSED B φ
To all the cases studied so far, we now wish to add azimuthal fields of the form B φ = βr −1ê φ , with amplitudes β > 0. This is again a configuration that has not been considered before, but one that fundamentally alters the nature of the Re → 0 'pure' Shercliff layer Finally, Fig. 7 shows examples of the meridional circulation. As one might expect, it also tends to align with the previously existing Shercliff layers, which continue to dominate the flow, that is, U φ ≫ U z , U r . For both choices of imposed field the I and C options also yield broadly similar magnitudes of ψ.
We conclude this section, and this paper, by noting that while the β > 0 case yields Shercliff layers similar in many ways to the previously studied β = 0 case, there are also clear differences, and many of the precise scalings are almost certainly different. An asymptotic analysis of this problem along the lines of the previous analyses [7] [8] [9] [10] would be of considerable interest. 
